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Abstract. In this paper, we will consider a noncommutative probability 
space, (T,E), over a Toeplitz matricial algebra B = C , for N S N, in- 
duced by a (scalar- valued) noncommutative probability space, (A,ip), with a 
suitable B-functional, E : T B, defined by ip. On this framework, we will 
observe amalgamated R-transform calculus with respect to a .B-functional, E. 
The technique and idea are came from those in [12] and Free Probability of 
type B studied in [31]. 



Voiculescu developed Free Probability Theory. Here, the classical concept of In- 
dependence in Probability theory is replaced by a noncommutative analogue called 
Freeness (See [9]). There are two approaches to study Free Probability Theory. 
One of them is the original analytic approach of Voiculescu and the other one is 
the combinatorial approach of Speicher and Nica (See [1], [2] and [3]). 

To observe the free additive convolution and free multiplicative convolution of 
two distributions induced by free random variables in a noncommutative probabil- 
ity space (over B = C), Voiculescu defined the R-transform and the S-transform, 
respectively. These show that to study distributions is to study certain (_B-)formal 
series for arbitrary noncommutative indeterminants. 

Speicher defined the free cumulants which are the main objects in the combinato- 
rial approach of Free Probability Theory. And he developed free probability theory 
by using Combinatorics and Lattice theory on collections of noncrossing partitions 
(See [3]). Also, Speicher considered the operator- valued free probability theory, 
which is also defined and observed analytically by Voiculescu, when C is replaced 
to an arbitrary algebra B (See [1]). Nica defined R-transforms of several random 
variables (See [2]). He defined these R-transforms as multivariable formal series in 
noncommutative several indeterminants. To observe the R-transform, the Mobius 
Inversion under the embedding of lattices plays a key role (See [1], [3], [5], [12], [13] 
and [17]). 

In [12], [19] and [20], we observed the amalgamated R-transform calculus. Actu- 
ally, amalgamated R-transforms are defined originally by Voiculescu (See [10]) and 
are characterized combinatorially by Speicher (See [1]). In [12], we defined amal- 
gamated R-transforms slightly differently from those defined in [1] and [10]. We 
defined them as B- formal series and tried to characterize, like in [2] and [3]. The 
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main tool which is considered, for studying amalgamated R-transforms is amal- 
gamated boxed convolution. After defining boxed convolution over an arbitrary 
algebra B, we could get that 

/.',• , H RyC™£ B) = Rx lVl ,...,x aV ., for any s G N, 

where xj and yj are free B-valued random variables. 

In this paper, we will consider a noncommutative probability space, (T, E), over 
a Toeplitz matricial algebra B = C N , for N G N, induced by a (scalar- valued) 
noncommutative probability space, (A, ip), with a suitable B-functional, E : T — > B, 
defined by p. On this framework, we will observe amalgamated R-transform calculus 
with respect to a B-functional, E. The technique and idea are came from those in 
[12] and Free Probability of type B studied in [31]. By the construction of this 
amalgamated noncommutative probability space, we can easily recognize that to 
compute the partition-dependent moments of random variables, we do not need to 
concern about the insertion property. We will concentrate on observing the moment 
series and R-transforms of random variables in this structure and after considering 
the (combinatorial)amalgamated freeness, we construct the R-transform calculus. 



1. Preliminaries 



1.1. Free Probability Theory. 



In this section, we will summarize and introduced the basic results from [1] and 
[12]. Throughout this section, let B be a unital algebra. The algebraic pair (A, p) is 
said to be a noncommutative probability space over B (shortly, NCPSpace over B) 
if A is an algebra over B (i.e 1b = I a G B C A) and <p : A — > B is a ^-functional 
(or a conditional expectation) ; p satisfies 

ip(b) = b, for all b G B 

and 

p(bxb') = bip(x)b', for all 6, b' G B and x G A. 

Let (A, p) be a NCPSpace over B. Then, for the given ^-functional, we can 
determine a moment multiplicative function <p = {p^)^ =1 G I(A,B), where 

p (n \ai ® ... ® a n ) = tp(ai....a n ), 

for all ai ® ... ® a n G Vn G N. 
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We will denote noncrossing partitions over {l,...,n} (n G N) by NC(n). Define 
an ordering on NC{n) ; 

9 = {Vl, V k } < tt = {W 1 , Wi} d M For each block Vj e 0, there exists only 
one block W p G n such that Vj C W p , for j = 1, k and p = 1, Z. 

Then (iVC(n), <) is a complete lattice with its minimal element 0„ = {(1), (n)} 
and its maximal element 1„ = {(1, n)}. We define the incidence algebra 7 2 
by a set of all complex-valued functions 77 on U^Lj (NC(n) x NC{n)) satisfying 
r}(9,n) = 0, whenever 8 ^ir. Then, under the convolution 

* : 1 2 x 7 2 —> C 

defined by 

»?i O = E ^i(^o-) -?7 2 ((T,7r), 

0<<j<7r 

J 2 is indeed an algebra of complex-valued functions. Denote zeta, Mobius and 
delta functions in the incidence algebra I2 by (, \i and S, respectively, i.e 



C(M) 



1 e < tt 

otherwise, 



^(® ,7T ^ l otherwise, 

and /x is the (*)-inverse of £. Notice that 5 is the (*)-identity of J 2 . By using the 
same notation (*), we can define a convolution between I (A, B) and 7 2 by 

/ * 77(01, ...,fl„ ; tt) = J] /(t)(oi ® ••• ® a„)r?(7r, 1„), 

TrGJVC(n) 

where / G I{A,B), 77 G Ji, 7r G NC(n) and a,- G A (j = 1, ...,n), for all n G N. 
Notice that / * 77 G /(A, _B), too. Let ^ be a moment multiplicative function in 
I(A, B) which we determined before. Then we can naturally define a cumulant 
multiplicative function c= (cW)^ =1 G I(A, B) by 

c = i^*7J or Lp = c*(. 



This says that if we have a moment multiplicative function, then we always get 
a cumulant multiplicative function and vice versa, by (*). This relation is so-called 
" Mobius Inversion" . More precisely, we have 
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ip{a\...a n ) = ip( n \ai ® ... ® a n ) 

= ]C c(7r)(ai ® ... <S>a„)C(7r, 1„) 

7re7VC(n) 

= J] c(7r)(ai (g) ... ® a„), 

7r£7VC(n) 

for all aj e A and ti e N. Or equivalcntly, 

c (n) (ai ® ... ® a„) = ® ••• ® a n )n(-K, 1„). 

TreATC(n) 

Now, let (Aj,^) be NCPSpaces over _B, for all i e /. Then we can define a 
amalgamated free product of Ai 's and amalgamated free product of (p^s by 

A = * B Ai and cp = * i ip i , 

respectively. Then, by Voiculescu, (A, (p) is again a NCPSpace over B and, as a 
vector space, A can be represented by 



a = b® e~ =1 © (4efl)0...»(\eB) 

where Q B = kcri^. . We will use Speicher's combinatorial definition of 
amalgamated free product of i?-functionals ; 



Definition 1.1. Let {Ai, ipA be NCPSpaces over B, for all i £ I. Then ip = *i l p i is 

the amalgamated free product of B-functionals ip i 's on A = *bA,i if the cumulant 

multiplicative function c = ^*/i£ I(A, B) has its restriction to U Ai, © c~i, where 

iei iei 

8i is the cumulant multiplicative function induced by for all iei. i.e 



c (n) 



( ai ® ... ® o„) = I C ^" )(ai ® - an) G Ai 

I Ob otherwise. 



Now, we will observe the freeness over B ; 



Definition 1.2. Let (A,ip)be a NCPSpace over B. 

(1) Subalgebras containing B, Ai C A (i e I) are free (over B) if we let ip { = 

ip> \Ai, for all i€l, then *i(Pi has its cumulant multiplicative function c such that its 

restriction to U Ai is ®ci, where Ci is the cumulant multiplicative function induced 

iei iei 
by each ip i , for all iei. 

(2) Sebsets Xi (iei) are free (over B) if subalgebras Ai 's generated by B and 
Xi 's are free in the sense of (1). i.e If we let Ai = A lg {Xi, B) , for all iei, then 
Ai 's are free over B. 

In [1], Speicher showed that the above combinatorial freeness with amalgama- 
tion can be used alternatively with respect to Voiculescu's original freeness with 
amalgamation. 
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Let (A, ip) be a NCPSpace over B and let x\, x s be B- valued random variables 
(s e N). Define (ii, i n )-th moment of x\, ...,x s by 

ipixii bi 2 Xi 2 ■•■bi n Xi n ), 

for arbitrary bi 2 ,...,b in G -B, where (ii,...,i n ) £ {l,...,s}™, Vn £ N. Similarly, 
define a symmetric («i, ...,i„)-th moment by the fixed 60 £ B by 

9?(x il 6 :z; i2 ...6oZiJ- 
If 60 = Is, then we call this symmetric moments, trivial moments. 

Cumulants defined below are main tool of combinatorial free probability theory 
; in [12], we defined the (ii, ...,i n )-th cumulant of x\, ...,x s by 

fc„(x il , ...,x in ) = ^(xi! (g) b i2 x l2 <S> ... <E> b lri x in ), 

for bi 2 ,...,bi n E B, arbitrary, and (i\,...,i n ) G {l,...,s}™, Vn £ N, where c = 
( c< ""' ) )^i is the cumulant multiplicative function induced by <p. Notice that, by 
Mobius inversion, we can always take such i?-value whenever we have i n )-th 
moment of X\, ...,x s . And, vice versa, if we have cumulants, then we can always 
take moments. Hence we can define a symmetric (ii, i n )-th cumulant by b a £ B 
of x x , ...,x s by 

k^ ymm ^ \xi 1 ,...,x in ) = ^(x^ ® b Xi 2 (g) ... (g) b x in ). 
If 60 = Is ) then it is said to be trivial cumulants of x±, x s . 

By Speicher, it is shown that subalgcbras Ai (i £ /) are free over B if and only 
if all mixed cumulants vanish. 

Proposition 1.1. (See [1] and [12]) Let (A,ip) be a NCPSpace over B and let 
Xi,...,x s £ (A, ip) be B -valued random variables (s £ N). Then X\, x s are free if 
and only if all their mixed cumulants vanish. □ 



1.2. Amalgamated R-transform Theory. 



In this section, we will define an R-transform of several _B-valued random vari- 
ables. Note that to study R-transforms is to study operator-valued distributions. 
R-transforms with single variable is defined by Voiculescu (over B, in particular, 
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B = C. See [9] and [10]). Over C, Nica defined multi- variable R-transforms in [2]. In 
[12], we extended his concepts, over B. R-transforms of B- valued random variables 
can be defined as B-formal series with its (ii, i n )-th coefficients, (ii, i„)-th 
cumulants of i?-valued random variables, where (ii, ...,i n ) £ {1, ...,s} n , Vn G N. 

Definition 1.3. Let (A, ip) be a NCPSpace over B and let x\, ...,x s G (A, ip) be B- 

valued random variables (s G N). Let Z\,...,z s be noncommutative indeterminants . 
Define a moment series of B -formal series, by 

M Xl ,... tXa (zi,...,Z 8 ) = J2n=l E <P(Xi 1 bi 2 X i!i ...bi n Xi n )Zi 1 ...Zi n , 

ii,..,»„e{i,...,s} 

where b i2 , b in G B are arbitrary for all (i 2 , ■■■,i n ) € {1, s }™~\ Vn G N. 
Define an R-transform of X\, ...,x s , as a B-formal series, by 

Rxi,...,x 3 z s) — Sn=l S k n (Xi 1 , . .. , ajj n ) Zjj .. .Zj re , 

ii,...,i n e{l,...,s} 

fc„(#ii, ...,x in ) = c { - n \x il ® 6 i2 a; l2 ... (g) b^ZjJi 

where bi 2 ,...,bi n G £? are arbitrary for all (i2,...,i n ) G {1, s}™ -1 , Vn G N. 

is a cumulant multiplicative function induced by tp in I(A,B). 

Denote a set of all B-formal series with s-noncommutative indeterminants (s G 
N), by 6%. i.e if g G 6^, then 

g(zi, z s ) — Y^=i b iu ... tin z n ...z ln , 

ii,...,» n e{i,...,s} 

where bi lt ... t i n G -B, for all (ii, ...,i n ) G {1, s} n , Vn G N. Trivially, by definition, 
M Xli ... iXe , R Xl ,...,x s G @s- By T^g, we denote a set of all R-transforms of s-B- valued 
random variables. Recall that, set-theoratically, 

Q S B =TZ%, sor all s G N. 

By the previous section, we can also define symmetric moment series and sym- 
metric R-transform by b G B, by 

M x l^ x {h s °\z 1 ,...,z s ) = Y^n=i J2 p(x il b x l2 ...b x ln ) z h ...z ln 

ii,...,i n £{l,...,s} 

and 

jysymm(b ) ( r \ _ v^oo ^ ,symm(b ) , ? 

^Xx^.-.Xs V^Ij ■■■> ) — 2-tn=l 2—i n \ 1 1 3 ' " i in / i\ " ' i n i 

ii,..,i n e{l,...,s} 

with 

kn" 1 " 1 ^^, ...,x in ) = c^ n \x il <g> b x t2 <g> ... <g> 6 a;j n ), 
for all (ii,...,i„) G {l,...,s} n , Vn G N. 
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If 60 = 1b , then we have trivial moment series and trivial R-transform of x\ , ...,x s 
denoted by M Xi and R Xi Xs , respectively. 

The followings are known in [1] and [12] ; 

Proposition 1.2. Let (A,tp) be a NCPSpace ovev B and let x\ , x s , 7/1, y^ (E 
(A, ip) be B-valued random variables, where s,p G N. Suppose that {x\, ...,x s } and 
{yi, ■■■,y p ] are free in (A, ip). Then 

(1) Rx 1 ,...,x s ,y 1 ,...,y p ( z l, z s+p) = Rxi,...,x s { z l> •••) z s) + Ry± ,. . .,y p ( z l , z p) ■ 

(2) If s=p, then R Xl+yu ..., X3+ y e (z 1 ,...,z s ) = (R Xl Xs + Ry u ..., Va ) (z lt z s ). 

□ 

The above proposition is proved by the characterization of freeness with respect 
to cumulants. i.c {xi, ...,x s } and {yi, y p } are free in (A,tp) if and only if their 
mixed cumulants vanish. Thus we have 

k n (p ll , ...,p in ) = c^ip^ ® b l2 pi 2 ® ... ® b ln p ln ) 
= {c x 8 Cy) (n) {p ll ® b l2 p i2 ® ... ® h n p in ) 
_ j ( i Xi 1 , .. . , &i n ) or 

and if s = p, then 

knixh+Vh, - ,Xi n +yi n ) = c (n) ((in ® &i 2 (zi 2 + 2/i 2 ) ® ■•■ ® &i„(zi„ + 2/iJ) 

= c^^Xi, ® &; 2 a; i2 ® ... ® fe^J + cW(j/i, ®h 2 y l2 ®...® b ln y in ) + [Mixed] 

where [Mixed] is the sum of mixed cumulants, by the bimodule map property 

of c<") 

= k n (xi 1 , Xi n ) + k n (yi 1 , yj n ) + Ob. 

Now, we will define B- valued boxed convolution 0, as a binary operation on Q S B 
; note that if /, g £ Q S B , then we can always choose free {x\, ...,x s } and {yi, ...,y s } 
in (some) NCPSpace over B, (A, tp), such that 

/ = R Xl ,...,x s and g = Ry 1 ,..., Ve . 

Definition 1.4. (1) Let s e N. Let (f,g) e 0% x Q%. Defined: Q% x Q S B 0% 
by 

(/; 5) = (-Rxi,...,x s ) Ryi,...,y s ) 1 > Rxx,...,x s Ry 1 ,...,y s ■ 

Here, {x\, ...,x s } and {y\, ...,y s } are free in (A,ip). Suppose that 
coefi lt ..,i n (R Xl ,...,x a ) = c i - n \x ll ® bi 2 Xi 2 ® ... ® b in x in ) 
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and 

coef ili ... t i n (R yit ... t y s ) =c { - n \y il ®b' l2 y l2 <g> ... ® b' in y in ), 
for all ...,i n ) G {1, ...,s}™, n G N, where h^b'^ G £> arbitrary. Then 

COefi 1 ^_^i n (-^xi,...,x s Ryi,...,y s ) 

= J2 (c x ®Cy)(TTUKr(n))(x ll (E>y il (g)bi 2 Xi 2 (g)b[ 2 y i2 (g)...<g)bi n x in (g)b' in y lrl ) 

n£NC(n) 

= X) (^t © fc/fr(ir)) (^ii 1 j ■•■7 x i n Di n )i 

ireNC(n) 

where c x © c y = c \a x * b a v , A x = A\g ({z;}f =1 , B) and Aj, = A lg ({yOf =1 , B) 
and where tt U Kr(ir) is an alternating union of partitions in NC(2n) 



Proposition 1.3. (See [12])Let (A,ip) be a NCPSpace over B and let x\, x s ,y\, ...,y s G 
(A, ip) be B-valued random variables (s G N). If{x\, x s } and {y\, ...,y s } are free 
in (A, ip), then we have 

= J2 (c x © Cy) (w U Kr{-K)){x il ® y h ® b i2 x i2 <g> y i2 <g> ... <g> &i„x;„ ® y in ) 

TrSiVC(n) 

/or a// (ii, G {1, s}™, Vra G N, 6j 2 , ...,6j n G £?, arbitrary, where c x ®c y = 

c\a x * b a v , A x = Alg({ Xi } s i=1 ,B) and A y = Alg({ yi } s i=1 ,B) . □ 

This shows that ; 

Corollary 1.4. (See [12]) Under the same condition with the previous proposition, 

R Xl ,..., Xs H R yi ,...,y 3 — R X iyi,..., Xa y 3 - 

□ 

Notice that, in general, unless b' i2 = ... = b' in = 1b in B, 

R Xl ,...,x 3 S Ry!,...,y s 7^ R X \yi,..., Xs y s - 

However, as we can see above, 
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R. 




= R 



■x 1 y 1 ,...,x s y s 



and 



Ri 



ERt 



■vi »« 



■xiyi,...,x a y a ' 



where {x\, x s } and {yi, y s } are free over B. Over B = C, the last equation 
is proved by Nica and Speicher in [2] and [3]. Actually, their R-transforms (over 
C) is our trivial R-transforms (over C). Is it possible to find a trivial R-transform 
R x , , , for the given R-transform R Xl ,...,x a , where x\, x s e (A, <p) arc B- valued 
random variables and X -y . . . . , X g 3X6 £?-valued random variables (which are not nec- 
essarily contained in (A, </?))? If possible, to study amalgamated R-transforms, we 
can only deal with trivial R-transforms. Let's denote a set of all tritial R-transforms 
by S( 1b ) 1Z s b . If we have a positive answer of above question, then TZ S B — S^ 1b ^ 1Z s b . 
In that case, we can deal with B-valued boxed convolution more freely. In the 
following chapter, we will consider this possibility. 



1.3. Scalar- Valued Case (in the sense of Nica and Speicher). 



Suppose that B = C. Then a NCPSpace over B, (A,ip), All information of 
B-valued (scalar-valued) distributions are contained in corresponding trivial R- 
transforms (See [32] and [33]). So, WLOG, we can define an R-transform of random 
variablc(s) as a trivial R-transform of the random variable(s). This is just an (scalar- 
valued) R-transform in the sense of Nica (See [2]). In [32] and [33], we showed that 
if B is an arbitrary algebra such that B = Ca(B), then amalgamated freeness can 
be characterized by 

def 

Amalgamated Freeness <$■ All mixed cumulants vanish 



Since CU(C) = C, for any algebra A, if B = C, then the freeness is characterized 
by trivial cumulants. 

Definition 1.5. Let (A, ip) be a noncommutative probability space over C (shortly 
NCPSpace) with a linear functional if : A — > C and let x\, x s G (A, ip) be (scalar- 
valued) random variables (s E N). Define a moment series and R-transform of 

Xi,...,x a by M% Xa and JJ* ..., Xs > respectively, where Is and R t Xl Is are 

defined in Section 1.2. By M Xli ... iXs and R Xl ,...,x s , we will denote the moment series 
and the R-transform, respectively. Also, if we mention cumulants, then they are 
trivial cumulants, just denoted by k n (-), for n e N. 



^ All mixed trivial cumulants vanish. 
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Remark 1.1. By definition, all facts, which we considered in the previous sections, 
holds true, for new M Xl ,..., Xs and R Xl ,...,x e - Moreover, if {xi, x s } and {yi, y s } 
are free subsets of random variables, then 

Rx\y\,...,x B y B Rxi....,x s 0C Ry\,...,y B ; 

where [3c is the B = C-valued boxed convolution. This is the boxed convolution 
in the sense of Nica (See [2]). Notice that all random variables are central over 
C. So, we have that 

CO&fii,...,i n [Rx\,...,x s Ryi ,■ • • ,y B ) 

= E (K(xi 1 ,...,x in ))(k Kr ^(y il ,...,yi n )) . 

ttGNC(u) 

Again, we can see that this is just a definition of boxed convolution in the sense 
of Nica and Speicher (See [2] and [3]). 

Form now, by (A, ip), we will denote a NCPSpace. 



2. TOEPLITZ MATRICIAL PROBABILITY THEORY 



2.1. Toeplitz Matricial Probability Spaces over Toeplitz Matricial Alge- 
bras. 



In this section, we will consider the Toeplitz Matricial probability space over a 
Toeplitz Matricial Algebra C n = C", for n E N. We define a Toeplitz Matricial 
algebra C n by an algebra C™ with following addition and multiplication ; 

(ai, a n ) + (a[, ...,oQ = (ai + a[, a n + a' n ) 

and 

(ai,...,a„) • (ai,...,0 = (aiai, ELi a fe a '(2+i)-fe' -. ELi a * a (n+i)-fc). 

respectively. Then C n = (C™, +, •) is an algebra. And this algebra is called an 
ra-th Toeplitz Matricial algebra, i.e isometrically, this algebra C™ can be understood 
as an algebra generated by all Toeplitz matrices in M n (C) which have the form of 
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(ai, ...,a n ) = 



/ ai a 2 a 3 
ai a 2 
ai 

V o 



O n \ 



a 3 

2 



G M„(C), 



for all (ai, ...,a n ) G C n , n G N. 
For exmaple, if n = 4, then we have that 
(ai, 0:2,0:3, 04) + (a'^Oa, a 3 , a 4 ) 



/ 


Ol 


a 2 


a 3 a 4 \ 




f «i 


a' 2 


o 3 




Q' 4 


\ 







ai 


a 2 a 3 


+ 





a'i 


a 2 




a 3 












ai 0:2 










ai 








V 








a x j 
















/ 


/ 


Ol 


+ a[ 


a 2 + a 2 


a 3 - 


f a' 3 


4 - 


- a 4 













ai + a[ 


2 + Ol' 2 


o 3 4 


-a 3 


















ai + a[ 


a 2 + o 2 








V 













ai + a[ 









(ai + ai, a 2 + o 2 , a 3 + 03, o 4 + a' 4 ) 



and 



(01,02,03,04) • (oi, o 2 , o 3 , O4) 



/ 


Ol 


o 2 


o 3 


o 4 ^ 




/ oi 


o 2 




o 4 


\ 







Ol 


02 


o 3 







o'i 


a 2 


o 3 












Ol 


02 










oi 


o 2 




V 











Ol / 




V 








O'i 





/ Oio'i Ol0 2 + 2 o'i OlOg + 2 2 + 3 o'i Ol0 4 + 2 3 + 3 2 + O4O1 \ 



V 



O1O1 






oio 2 + a 2 ai 
aiai 




oia 3 + o 2 o 2 + o 3 ai 
ai0 2 + a 2 a'i 
oioi 



= (aiai, oia 2 + a 2 o' l7 aio 3 + o 2 a 2 + a 3 a'i, oia 4 + a 2 a 3 + a 3 a 2 + 040^), 

for all (oi, o 4 ), (o'i,...,o 4 ) G C 4 . Notice that (1, 0, 0) G C n is the multiplication- 
identity on C n . 

We will observe the R-transform calculus in a noncommutative probability space 
over a Toeplitz matricial algebra C n . 
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IINotationl From now, for any n G N, by little abuse of notation, we 
will denote C n by B, if there is no confusion. □ 

Let (A, p) be a NCPSpace in the sense of Section 1.3, where A is an algebra and 
ip : A — > C is a linear functional. Then we can define a Toeplitz matricial algebra 
T n over a Toeplitz matricial algebra B = C n , induced by (A, ip) ; 

Definition 2.1. Fix n G N. Let B = C n be a Toeplitz matricial algebra and let 
(A,ip) be a NCPSpace in the sense of Section 1.3, with a linear functional p : A — > 
C. Define a Toeplitz Matricial Probability Space over B, (T n , E n ), induced by (A, ip), 
by 

(i) T n is an algebra over B (i.e 1b = (1,0, ...,0) 6flC T n ) such that 

T n = Alg({( ai ,...,a n ) : Vaj e (A,<p)}) 

with 

(ai, an) + (a[, a' n ) = (ai + a[, ...,a n + a' n ) 

and 

(ai,...,a n ) ■ (a[,...,a' n ) = {a^, ELi fl * a (2+i)-t' -'ELi a t°(n+i)-^ 
for all (ai,...,a„), (a[, ...,a' n ) G T n . 

(ii) E : T n — > B is a B- functional 

E ((ai, On)) = (<p(ai), <p(a n )) . 
Without confusion, we will denote (T n ,E n ) by (T,E). 



Lemma 2.1. Let n e N. A Toeplitz matricial probability space, (T,E) , over B = 
C n , is, indeed, a NCPSPace over B. 



Proof. Since T is an algebra over B, by definition, it suffices to show that a map 
E : T — ► B is a ^-functional. 

(i) Let (ai, . ..,a n ) £ C n = B. Then 

E ((ai,..., On)) = ((p(ai), ip(a n )) = (ax, ...,a n ), 
since <p is a linear functional. 

(ii) Let (ai, a n ), (a[, a' n ) G -B and (oi, a n ) G T. Then 
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E((a x , ...,a n )(ai, ...,a n )(a[, ...,a' n )) 



= E 



( I ai a 2 
ai 

V 



/ 0L\ 0L 2 



ai 



• : ai 

a 2 

a n \ ( ip{ai) ip(a 2 ) 



a n \ 



( a[ a' 2 ■■■ a' n \ 



V o 



a 2 
ai / 



V 



a 2 



<p{On) \ 



y(a 2 ) 

<p(al) J 



a 2 
a[ ) 



( a[ " 2 



V 



4 \ 



= (ai,...,a„) -.E((ai,...,a n )) • (ai,...,a4). 

By (i) and (ii), we can conclude that E is a £? = C"-functional. | 

By the previous lemma, we have a new NCPSpace over B = C n , (T, E), in the 
sense of Section 1.1. On this framework, we can do the amalgamated R-transform 
Calculus, like in Section 1.2. 

Lemma 2.2. Fix n G N. Let B = C n be a Toeplitz matricial algebra and let (A, tp) 
be a NCPSpace. Let (T, E) be a Toeplitz matricial probability space over B, induced 
by (A, ip). Then Ct{B) = B, where Ct(B) is the centralizer of B in T, i.e 

C T (B) = {b G B : bt = ta, for all t G T}. 



Proof. Let (a u a n ) G C n = B. Then (a u a n ) G C T (B). i.e 

—,a n ) ■ (ai, a n ) 
= (aiai, X)fe=i a ka( 2+ i)-k, Z)fc=i a fea(n+i)-fe) 

= (aiai, Z)fe=i a (2+i)^fcafc, —, J2k=i a (n+i)-fcafc) 

= ^aiai, Yfj=l a J a (2+l)-j, ■■; YTj = l a 3 a {n+\)-j) 

= (ai, ...,a n ) • (ai, ...,a n ), 
for all (ai, a n ) G T. 

Trivially, Ct(B) C £?, by the very definition of Ct(B). Therefore, 



Ct(-B) = B. 
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Fix N E N. Like in Section 1.3, since Ct(-B) = B, trivial R-transforms of B = 
C^-valued random variables contain all information of operator-valued distributions 
of those B- valued random variables (Also see [32] and [33]). Hence, it is sufficient 
to consider trivial R-transforms of B-valued random variables to study operator 
valued random variables, in J2b> where B = C N and s e N. Remark that to 
study such trivial R-transforms, we need to define suitable cumulants (K n )^ =1 , as 
a cumulant multiplicative bimodule map induced by a operator-valued (moment 
multiplicative) conditional expectation E. Recall that 

de f 

E({ ai ,...,a n )) = J {ip{ai),...,ip(a n )) e C n , 

for all (ai, ...,ajv) € T. Denote cumulants induced by ip, with respect to (A,ip), 
e (A, if) are random variables, then 

def ^ 

kn{xh, ,x in ) = <8> x in ) /j,(it, l n ) e C, 

TreJVC(n) 

for all ...,i n ) € {1, s} n , n e N, by the Mobius inversion. 

Suppose that {a^\ off ),...., (a^, a^) e Tat, for the fixed A G N. Observe 
the following relation, for (ii, ...,i n ) G {1, ...,s}™, n G N ; 

/■ (U) O^V//* 2 ) /, (l2 h - r/7 (ll) /7 (i2) V 2 /7 (il) /7 (i2) /7 (ll) /7 (l2) 1 

l«i ,•••,<% ){u x ,...,a N ) — \a 1 a 1 , Z^fe=i a k a (2+i)-/c l^k=i a k u (N+i)-k>- 
Put 

^f'* 2) = Ei=i ^MSd-* e (A V ) ( i = l, N). 

i.e 

l«l «1 jZ^/c=l a fc a (2+l)-k> •"' 2-/fc=l "fc a (N+l)-k> ~ \ r l >—i^N J- 

Then 

(ar l) ) ... ) a{j l) )(a^ ) ) ...,a{j a >)(ai i8) ,...,a(j? ) ) 

_ I p(H,»2) p(H,»2) N \ /_(»3) „(*3)\ 

— \ 1 '•••'- r A r I l a l i---i a N J 

_ / p(*l,»2) (is) v^2 p(»l,»2) (is) v^W p(H M) Us) \ 

— yi a l i2-^k=\ r k a (2+l)-fc' 2^fc=l r N a (N+l)-k) ■ 

Similarly, put 

p(»l,»2,»3) _ V^i p(*l,*2) (*3) (■ _ 1 AJ \ 

r j - 2^k=i r k a (j+i)-k U — J-i — ,-iVj. 

i.e 

/ p(»l,*2) (*3) V^2 p(*l,*2) (*3) V^W p(*l,»2) (»3) "\ 

^1 "l > l^ik=\ r k (2+1)— fe' ■"' Z-(/s=l •* Af u (N+l)-kJ 

_ / p(*l, »2,j3) p(»l,»2,*3)'\ 
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Inductively, we can define 

p (»l,...,*n-l,*n) _ V^j n(>l,-,%-l) / • _ -i A7\ 

i.e 

(a? 1 ), ...,a™) • • • (<*<*»>, ...,a^>) = (pf-'H . 

Definition 2.2. Let P = C N be a Toeplitz matricial algebra and let (A, ip) be 

a NCPSpace with its linear functional ip : A — > C. Let (T/v,Pjv) = (T,E) be a 
Toeplitz matricial probability space over B with its B -functional E : T — > B and let 
(a^\ a$), (a[ s \ ajv*) G (T, P) fee B-valued random variables (s G N). 

(1) For (ii, ...,i„) £ {1, s}", n e N, de/ine 

Pf ) = a (*0 G (A,^), i = i,...,AT, 

p(*i,*2) _ yv? n^n^ 9 — 1 /V 

and 

p(*l,...,tn-li*t>) _ V^i p(*li-"i»n-l) (*n) • _ -| AT 

*j - l^k=i^k a O+i)-fe' J — J-i •••> J*. 

Then 

(a™, ...,a™) ■ ■ ■ (<»<*»>, ...,a&»>) = (p(» ■•-'»>, ....f* 1 -- 4 ")) . 
Define a ...,i n )-th moment of (a^\ a^), (a^ s \ a^) by 
E ((<4"\ a £>) ■ ■ ■ (a<H a^ } )) = (^(P/* 1 •■-*">), p(P£ 1, '- i " ) )) , 
/or (u, ...,i„) £ {1, ...,s} n , n e N. 
Notice that 

is the (ii, ...,i n )-th moment of ...,a[ s \ As we have seen before (and in 
[32] and [33]), all trivial moments contain all information about moments, since 
Ct(B) = B. Hence WLOG, we can only consider the trivial moments of (a^\ a^), (a[ s \ aff). 
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Example 2.1. Suppose that N = 2 and fix B = C 2 . Let (T2,E 2 ) be a Toeplitz 
matricial probability space over B, induced by a NCPSpace (A,ip). Let (a^\a^), 
(a^,a 2 2 ^), (ap\a 2 3 ^) G (X^i^) be B-valued random variables. Then 



E 



((a?\aV).(a?\a?).(a?\aP) 



E 



O a« 



(2) „(2) 
2 

(2) 



O a< 8 > 



w/iere O = B = A G A. 

/ / a«af >a< 3 > a^a^af + a^afa^ + a^a^a^ \ \ 
O 



E 



w 



a; a; a 



(^'^af'), ^(a^af^f +a«4 2) a ( 3) +4 1) a f ) a( 3) )) . 



(1,2,3) _ m (2) J3) 






P^' 2 ' 3 ) = fl « a ( 2 )4 3) + a«4 2) ai 3) + a* 1 W'- 



2.2. Toeplitz Matricial Cumulants. 



Throughout this section, we will fix N <G N. Let B — C be a Toeplitz matricial 
algebra and let (A, (p) be a NCPSpace, with its linear functional tp : A — > C. 
Let (T N ,E N ) = {T,E) be a Toeplitz matricial probability space over B with its 
^-functional E : T -> B, 



E((ai, ...,a N )) = (<^(ai), ^(ajv)) G 5, 
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for all (a!,...,a N ) e T.Let (a^ , a$), (a[ s \ a^) <= (T, £7) be B-valued 
random variables (s £ N). Then we can conpute the ...,i n )-th moment of them 

by 

E((a^\...,a^)...(a^\...,a^] 

>(»1, — >*n)- 

N 



where 



and 



= £7((P 1 (il -- i " ) ,... ) Pji 



p(tl,...,»„-l,»„) _ v^J p(*l,-,*7>-l) (»n) r M ^ 



for all j = l,...,iV. 

So, we can define a moment scries of A\ = (a\ \ ...,a$), ...,A S = (a[ s \ ...,a$) 
denoted by Ma 1 ,...,a s , by 

M Ai ,...,a,(zi, ...,z s ) = M\ u ... tAs {zi, ...,z s ) 

= En=i E E (A il ...A in ) z il ...z in 

ii,...,i n e{l,...,s} 

= £~i E Up 1 (il '-' i " ) ),....,^ 1 --' i " ) )) ^...^ n . 

h,...,i n e{i,...,s} y 7 
In this section, we will show that 



K n ((a^\...,a^),...,(a^\...,a^)) 



where (k n )^ = i is the cumulants induced by ip, in the sense of Nica and Speicher, 
and 

Qt ] =af\ j = l,...,N, 



ELi (4 Jl) 4V*) eAxA > 3 = 1,..,N 
and 



^(*1.*2) 
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Q(ii,...,in-iM = Y2 =1 (gf--- 1 ) ) a[;.;\ ) _ fe ) e ^4^^^, 

n— times 

for all j = 1, N. Actually, we can regard A x ... x A as A <g>s .... (g)g A, since 

n-times n-times 

Ct{B) — B, whenever i? = C w and T is a Toeplitz matricial probability space over 
B. So, 

*(j+i)-*v 

— ,*n-l) „(*n) 



i- (V™ (Q(h,-,in-l) (»„ 



'i ' a O+i)-fe 



is well-detemined, where c^") is the n-thcomponent of the cumulant multiplica- 
tive function c= (c^)^L 1 e /(A, C), induced by <p and where 

n ®(tl,...,*n-l) _ r) ®(Hv,«n-2) ~ „(*n-l) 

_< <7 ^ a (j+l)-fc> 

with 

Of il} = af* and Q?< ™ > = ELi 4'° ® «[Si)-*< 
for all j = 1,...,N. 



Definition 2.3. Fix s e N. Let 

with 

pin) _ Hi) , p(»i,*2) _ y-j (*i) fl («2) 

m (A, f), be determined inductively, for all j = 1,...,N. Then, with respect to 
them, we will define 

Q(H) =a (M) eA 



and inductively on n, 

Q { r~' in) - eli (oy 1 -- 4 "- ,^)-*) e , 



n — times 



for all (ii, ...,i n ) G {1, ...,s} n , n6tf, /or aZZ j = 1, ...,7V. 
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Example 2.2. At the end of the previous section, we observed an example such 
that 

and 

= a ^af\f + a«4 2) ai 3) + a^a^afK 
In this case, we can decide 

QUA") = (aMU 8) ) 

and 

= (a«,af),af ) + {$\<%\<$>) + («MU 8) ) . 

Notice that the addition above is meaningless. This addition is not a pointwise 
addition ! This addition is only depending on cumulant k n , induced by ip. And we 
can get that 

and 

Q ®(1,2,3) = ^(1) ^ a (2) a (3)^ + ^(1) a (2) a (3)j + ^(1) ^ a (2) ^ a (3)^ 

Proposition 2.3. Lef B = C N be a Toeplitz matricial algebra and let (A, ip) be 
a NCPSpace. Let (T, E) be a Toeplitz matricial probability space over B and let 
Ai = (aj L \...,a$),...,A a = (a[ s \ aff) G (T,E) be B -valued random variables 
(s G N). Then the R-transform of A\, ...,A S is determined by 

def 

Rai,...,a s ( z 1i ■••) z s) = R Al ^^ As {zi,...,z s ) 

= 2 K n (Ai ± , Ai n ) Zi 1 ...Zi n , 

ii,...,i n e{l,...,s} 

where 

K n (A il ,...,A in )= £ E(ir)(A il ®...®A in )n(ir,l n ), 

ireNC(n) 

for all (ii, ...,i n ) G {1, ...,s} n , n G N. 

Proof. By the Mobius inversion, we can always define a (ii, i n )-th cumulants 
from moments. We denned that, since Ct(B) = B, moments of A\,...,A S by 
trivial moments of A\, ...,A S . So, WLOG, we can define a (ii, ...,i n )-th cumulants 
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of Ai, ...,A S by trivial (amalgamated) cumulants of them. So, by Section 1.2, we 
have that 

K n (A il ,...,A in ) = cW (A^ ® A, J 

= E ® AiJ/i(7r,l„), 

7r£JVC(n) 

where £ = (-E^)^ E T m (T,B) is the moment multiplicative bimodule map 
induced by the ^-functional E : T — > £?. Also, again, by Section 1.2, we can define 



,(21, -,2s) 



.,A.(2l, 



Definition 2.4. Let i? = C w &e a Toeplitz matricial algebra and let (A, ip) be 
a NCPSpace with its linear functional ip : A — > C. Le£ (Tn,En) = (T,E) be a 
Toeplitz matricial probability space over B and let (a^\ ...,aff ),..., (a^\ ...,aff) 
fee B-valued random variables (s E N,). For (ii, ...,i n ) € {1, ...,s}™, n E N, define a 
(ii, ...,i n )-th cumulants, by 

K n ((a { > 1 \...,a^...,(a¥"\...,afr ) )) 

= E S(7r)((o[ il \...,ai* l) )(8)...®(oP ) ... ) a^ ) ))M7r,l n ). 

7r€JVC(n) V 7 



Lemma 2.4. Let (T,E) be a Toeplitz matricial probability space over B = C N , 
induced by (A,ip) and let A\ = (a^ 1 a$), A s = (a^,...,a^) E (T,E) be 
B = C N -valued random varialbes (s E N). Then (ii, ...,i n )-th moment of Ax, ...,A S 
has the following relation ; 

E(A il ...A in )=( £ MQ? 1 --** ),..., E fc^fQ 

\7reiVC(n) TreJVC(n) V 

/or a// (ii,...,i n ) E {1, s }"> n E N, where is a cumulants depending on 
it E NC(n), induced by <p, with respect to (A,ip). 



Proof. By the previous observation, we have that the ...,i n )-th (trivial) moment 
of A\, ...,A S is 



E(A H ...A t J 

= E((a^\...,a^)...(a^\...,a 



N > 
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= e((p^-" m ,...,p£ 1 '-" m )) 

where 

p {i u ...,i n ) =0 (<i) (fa)... (<») 

and 

p (h,...,i n ) _ p(il,->*n-l) (in) f • _ o /V 

^ Z^fc = l ^jfe «( J + l)_fe! IOT .7 - Z > ••■7 JV 7 

hence 

= (^ fl y ) ^' w ))eB. 

By the Mobius inversion, 



K£NC(n) 

and 



E kja^\a^\...,a^) 

NC{n) V 7 



8eNC(n) 



for all j = 2,...,N, by the definition of Q^'-' ln \ where above k n and kg, for 
7r, 6 G NC(n), arc defined in the sense of Nica and Speicher (See Section 1.3 or see 
[2] and [3]). Thus 

E (A n ...A in ) = (ipiPp'-M), <p(Pt"- M j) 

= ( E /••,((/,' ) E kJQ^-^))eB, 

\ireNC(n) V 7 neNC(n) V 7 / 

for all (ii, ...,*„) E {!,...,«}", nEN. | 



Theorem 2.5. Let P = C w be a Toeplitz matricial algebra and let (A, ip) be a 
NCPSpace with its linear functional ip : A — > C. Let (T, E) be a Toeplitz ma- 
tricial probability space over B with its B-functional E : T — > B and let A\ = 
(a^\ c$), A s = (a[ s \ a$) E {T,E) be B-valued random variables (s E 
Nj. T/ien i/ie i n )-ih cumulant of A\, A s is 

K n (Ai 1 , Ai n ) = (jt n (Qi ' k n (Q^ N ' '' SB 

/or aH (ii, ...,i n ) E {1, ...,s} n , n £ N. 
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Proof. By definition, we have that 



K n (A il ,...,A in )= J2 E M( A ii ®-® ^iJMMn), 
w£NC(n) 



for any (ii,...,i n ) € {l,...,s}™, n G N. Fix (ii,...,i„). Then the right-hand side 
of the previous formular can be rewritten 



E II E(Tr\v)(A il ®...®A in )ii(Tr\v,ln\v). 

TreNC(n) V£-r(o) 



Recall that if B = C N , then C T (-B) = B. Thus, for any (ji, j fe ) G {1, s} fc , 

fc g N, 



E (A jl <g> ... 84)eB = Cr(B). 



By the previous property, also we can rewrite the right-hand side of the previous 
formular, by 

E II E{TT \w)(Ah ® ...<8>A in )/i(7T | w ,l„ \ w ). (*) 

w£NC(n) WG7T=7r(o)U7r(i) 

Now, let W = (ji, jk) G 7r = 7r(o) U ir(i) be a block, where tt G NC(n). Then, 
by the previous lemma, we have that 



E(tt \w){A tl ®...®A in ) = £W (A^ ®...®A,-J 
= S(A J - 1 ...A J -J 

= s((a« l) ,... ) a(j l) )...(a^ ) ,....,a^ ) )) 



^((pWi.-J*),...,^^.-^)- 



= ( V (P 1 Wl -- J '* ) ),....,^' 1 -- J '* ) )) 

= ( E fc^g? 1 '-'^),.-, E ^.v : ' ) b. 

\0£NC(k) 6eNC(k) J 



Therefore. 



(*)= E II E keiQ^),...., E k e {Q [ M ] ) )^\w,K\w), 

TreNC(n) W£tt V 9eNC(k) 9eNC(k) J 
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qWi.-j*) ) if w = (j l7 j fe ) e 7T e iVC(n) (fc < n). Equivalcntly, 



The proof of the above theorem is motivated by cumulants of type B studied in 
[31] (See Section 6.2 and 6.3 in [31]). 

Example 2.3. We will use the same example which we have observed. Suppose 
we are given A\ = (a^\a^), A2 = (a^\a^) and A3 = (a^\a^), C 2 -valued 
random variables in (T2,E2). Then we have that 

tf A8) = («MU 8) ) 

and 

<tf A8) = (aSMM 8 *) + («MU 8) ) + (aP,a?\a^) . 

So, 

K 3 (A u A 2 ,A 3 )=(k 3 (Q^ 3) ), k 3 (Q^' 2 ' 3) )) 

= (fc 3 (4 1) ,af ) ,af ) ), 

k 3 (a«>, +ks (a«,a 2 2 ),af)) +k 3 (a«a< 9 U 3) ))- 



where = 
we have that 



2.3. Toeplitz Matricial R-transform Theory. 



Let (A, <p) be a NCPSpace, in the sense of Section 1.3, with its linear functional 
ip : A — > C. In this section, by using information about cumulants, we will con- 
sider R-transform Calculus on a Toeplitz matricial probability space (T, E) , over a 
Toeplitz matricial algebra, B = C N , induced by a NCPSpace (A, ip). Also, we will 
observe the freeness of subsets of T. To do that, we need to observe the freeness on 
(T, E). Clearly, by the Speicher's characterization, we can define freeness on (T, E). 
We want to express this freeness with respect to the freeness on (A, ip). 
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Let X 1 = (x?\ ...,x$), ...,X S = (x[ s \...,x^), Yi = {y™ , ...,y$), and Y t = 
{yf \ ...,y$) be B — C^-vamed random variables (s,t G N). Define two subsets of 
T, 

E = {X U ...,X S } and T = {Y u Y t }. 

By Speicher's (amalgamated) Freeness characterization, we can say that 

[Two subsets S and T arc free over B] 

<£=^[AU mixed B- valued cumulants vanish]. 

Remark that, since Ct{B) = B, "all mixed cumulants" can be replaced by "all 
trivial mixed cumulants" and these trivial cumulants is defined by B = C^-valued 
cumulants, above. Also, remark that, since Ct{B) = B, we can avoid the insertion 
property when we compute the B-valued cumulants. By the previous section, if 
A^, ...,Ai n G {T,E) are £?-valued random variables, then we have that 

K n (Ai 1 ,...,Ai n ) d = £ E(ir)(A h ®...®A in )n(ir,l n ) 

-rreNC(n) 

= E UE( 

71 W) (Ai 1 <8> •■■ <S> Ai n ) fi(n \v, l|v|) 

n£NC(n)Veir 

= e n Up 1 (ii '-' i " ) ),....,^ i '-' i " ) ))M^k,i|yi) 

TreNC(n) VEtt v ' 

= E n ( E M<tf°),--> e 

TreAfC(n) veir \0eJvc(|v|) 6>ejvc(|v|) / 

- (fen(Qi <1, - ,i " ) ),...,fcn(Qij 1, - ,<B) )) £B, 

where K n 's are £?- valued cumulants induced by E and /c n 's are cumulants, in 
the sense of Nica and Speicher, induced by <p and where 

p i n '"'' I " ) = Efe=i- p fe il ''"' in ~ l)a y+i)-fc e (A<p), 

and 

n— times 

for all j = 1,...,7V. 

Theorem 2.6. Let £> = C w &e a Toeplitz matricial algebra and let (A, ip) be an 
arbitrary NCPSpace. Let (Tn, En) = (T, E) be a Toeplitz matricial probability space 
over B and let X 1 = (x^ , x$), X s = (x[ s) , ...,x$), Yi = (y^\ y$), 
and Y t = (y^\ y$) be B-valued random variables (s,t G N). Define subsets 
5 = {Xi, X s } and T = {Yi,...,Y t } in T. Then 5 and T are free over B, in 
(T, E) if and only if 
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Proof. Suppose that S and T are free over B, in (T,E). Then, by definition, all 
5-valucd mixed cumulants of S and T vanish : 



K n (A h , A in ) = (k n ((/,' ' ) , k n (() ■ ) ) = B) 



where 



Or = 



••• \ 



/ 



= (0,..,0)gB = C 



N 



NxN 



and A il7 A in GsUT (mixed) in (T, E). It suffices to consider the case when 
A ij = Y i} and A ik = X ik , k^ j in {1, n}. i.e put 

A il = X il , ...,A ij _ 1 = X ij _ 1 , \ Ai 3 " Yh \ ,A ij+1 = X ij+1 A in = X in . 



First, we will consider P[ ll ''"' ln \..., pj$ 1: '"' %n \ because 's are deter- 

mined by them ; 



and 



,(ii,...,i„) _ (ii) (ij-i) (ij) (ij+i) (in) 
1 — — f-i yi •''i ...J/j 



/f = Ei=i ^ 1 '-' in - l) aj;." + ) 1) _ fe , for all j = 1, N. 



Note that if i 7 = i n , then pj u '-"' iTi 1,2ti ) nas the form of sum of mixed words 

j j 



(*i) „(*i) ^(^-i) 



i 



fe) _ „,(*n) ~Ti^5 _ (in) 



, x^" and B/i —Vi >-->2/jv — 2/w I . If 1 < j < n 



then, also, p| n '"''* n ' has the form of sum of mixed words in x^\ x^ 3 

a;i* 3+1 \ ...,xfy +1 \ x^"\ x^. We can conclude, by induction. 



So, under our assumption, generally, for 1 < j < n, 



A', 



(fc„(x^ \ 3 \ x\ y^ t ,_ 1 k n {Q 



(»i,...,t„-i) (*„) 



l(*l> — >»n-l) „(*n) 



'(2+l)-fe)' 



Efc=l kn(Q2 



(»l,..., in-l) _(*n) 



(2+l)-fc 



) = oe 
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All mixed cumulants of {a;^, a;*- 11 



> •••) - t, A r 



„(»j+i) 



and {ui 3 \ ...,y^} are free (over C), in the sense of Section 1.3, in (A,tp). There- 
fore, we can get that 



E = {X 1 = (x?\ ...,x$), ...,X S = (x['\...,x$)} and T = {Y 1 = (y™, ...,y<J>), .. 
(y^,...,^)} are free over B = C N , in (T, E) if and only if {x^,...,x^ : I = 



l,...,s} and {y[ l \. 

(A, <p). I 



Let 



X, = 



and 



Yi = 



fx™ 

V o 



T (i) 



l,...,t} are free, in the sense of Section 1.3, in 



c (1) \ 

N 



2/Jv 



(s) 
C 2 

» 



-AT \ 



be C^-valued random variables in (TV, Sat), induced by (A, ip). Then, by the pre- 
vious theorem, we characterize C w -valued freeness with respect to (scarlar-valued) 
freeness on (A,<p). i.c {X\, X s } and {Yi, ...,Y t } are free over C N if and only if 
{x ( i\ ■-,x% ) :l = l, ...,s} and {y[ l \ ...,y^ : I' = 1, ...,t} are free in (A,<p). 

Now, we can characterize C^-valued freeness on (T/v, £?jv) with respect to scalar- 
valued freeness on (A, ip), where (Tn,En) is a Toeplitz matricial probability space 
over a Toeplitz matricial algebra, induced by (A, <p). So, we can observe R-transform 
Calculus. 



Proposition 2.7. Let (A,ip) be a NCPSpace and let x±\ ...,x$,yi \ ...,y^ E 
(A,(p) be random variables, where I = l,...,s and I' = l,...,t (s,t E N). Let 
B = C N be a Toeplitz matricial algebra and let (T, E) be a NCPSpace over B, 
induced by (A,ip). Let 



X l = (x ( ?\...,x%) 



(0> 



Y, = (yP,...JP) 
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be B-valued random variables in (T,E), where I = l,...,s and V = l,...,t. If 

X = {xi\...,x$ : I = l,...,s} and Y = {y[ L \ ...,y^ : I' = l,...,t} are free in 
(A, ip), then 

(1) ; V > V.! '-I - Z a+ t) = Rx 1 ,...,X s {zi, Z s ) + R Yl ,...,Y t (z s +l, • Z s+t ) 

(2) if s = t, then 

Rx 1 +Y 1 ,...,x e +Y s (zi, z s ) = Rx!,...,x e (zi, ■ z s ) + Ry!,...,y s (zi, z s ) 

(3) if s = t, then 

Rx 1 y 1 ,...,x 3 y 3 {zi,--,z s ) = v BR Yi ,...,y s ) {zi,. ..,z s ). 



Proof. By the previous theorem, if X and Y are free in (A, ip), then {X\, X s } 
and {Y\,...,Y t } are free over B, in (T,E). So, (1) and (2) are easily verified. We 
will only observe (3), when s — t. Fix (ii, ...,i n ) G {1, s} n , n G N. Then 



where 



X Y - (t ( '' 




for all k = 1, n and 



(ti,...,i„-i) (i„) 



0+l)-fc 



G Ax ... x A, 
.. ' 



n— times 



for all j = 1, ...,N. Thus, 




is the sum of alternating tuples of 



.(«)>„ 



and y^5 ^'s. By little abuse of notation, we have that 



(A n (Qi il, - ,< - ) ),...,A n (Q^-- < - ) )) 
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= ( E M<2i(4 9) )) • ^r(e)(<3i(yp'' } )), - 

9eAfC(n) 

E *fl(Qjv(4* ) )-*«:r(fl)(^(»?' ) )))' 

<?SiVC(n) 



where 6* U Kr(6) € NC(2n) is the alternating union of noncrossing partitions 
such that x^'s are depending on 6 and y^! ^'s are depending on Kr{9). Therefore, 



if n (XjjYij, ...,X iri Y in ) — E (-^(^H, ■•■J-^tn)) (-^Jf r(ir) (^1 J —J^n)) • 

7re7VC(n) 



(Again, remark that C T {B) = B !!) | 



3. Applications 



3.1. Operator- Valued Moments and Cumulants of a Single Toeplitz ma- 
tricial valued random variable. 



Let B = C N be a Toeplitz matricial algebra and let (A, ip) be a NCPSpace, in 
the sense of Section 1.3. Let (T,E) be a Toeplitz matricial probability space over 
B, induced by (A,ip). In this section, we will compute operator- valued moments 
and operator-valued cumulants of a single B-valued random variable 

(a x a 2 ■■ ■ a N \ 



(ai, ...,a N ) 



ai 



CL2 

ai 



G (T,E). 



We will compute the moment series of A, Ma{z) and the R-transform of A, 
Ra(z), in 9^. To do that, we have to compute the n-th moment of A and n-th 
cumulant of A, as n-th coefficient of Ma and Ra, respectively, for n e N. Recall 
that, since Ct(B) — B, we can define Ma and Ra by trivial moment series of A 
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and trivial R-transform of A, in the sense of Section 1.2 (See Section 2.2 and 2.3). 
i.e 



and 



R A {z) = Y,n=l K n{A,...,A) Z n , 



where E ((a\, a N )) = (v(ai), <p(a n )) , for all (ai,...,ajv) £ (P,P) and if„ 
is induced by E, in the sense of Section 2.3. 

Consider the general expression of A n , for n E N. Similar to the previous section, 
we can compute that ; 

A 2 = (ai, a N ) ■ (ai, a N ) 

(a x a 2 • • • a N \ ( a\ a 2 ■ ■■ a N \ 



Oi 



«2 

oi y 



ai 



V o 



a.2 
ai / 



/ a l Z)fe=l a *= a (2+l)-A: ' ' ' Z)fc=l a *= a (A r +l)-fe \ 



N 



■• Efe=l a *= a (2+l)- 



= ( a l> Z)fc=l a fc a (2+l)-fc, SfeLl a fca(]V+l)-fc) 

denote / (2) (2) (2)\ 

— ^1 ! ^2 1 '••J *JV y • 



Inductively, we have that 



P (1) -a 



and 



p(n) _ s-^j p( n ^ 1 )„ 

for all j = 1,...,7V. 

Thus we can compute the n-th moment of A ; 



S(yl") = i?((P 1 (n) ,...,P J ( 



iV 



For example, if N = 2, then we have that 
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P[ 1] = ai and P 2 (1) = a 2 

— a\ and P^ = a\a 2 + a 2 a\ 

P[^ = a\ and P^ = a\a 2 + ciia 2 cii + a 2 a\ = Y?k=i a {2+i)-k 
etc, and hence 

E (A 3 ) = Up{a\), tp [a\a 2 + a\a 2 a\ + a 2 af)) 

= (ip(al), y(a\a 2 ) + tp{aia 2 ai) + ip{a 2 a\)) 

and 

K 3 (A, A, A) = {k 3 (a 1 ,a 1 ,ai), fc 3 (cn,ai,a 2 ) + k 3 {a 1 ,a 2 ,a 1 ) + k 3 (a 2 , a 1: ai)) . 

Proposition 3.1. Let B = C N be a Toeplitz matricial algebra and let (A,ip) be 
a NCPSpace. Let (T, E) be a Toeplitz matricial probability space over B and let 
A = (ai, ...,ajv) S (T,E) be a B-valued random variable. Then 

JM*)=£~i pir 1 )) * n 

and 

= £~ i (M<9i n) ). -,MQjv)) 

in 8g, w/iere 

n — times 

with Qfp = dj, for all j = 1, AT. □ 



Theorem 3.2. Let B = C N be a Toeplitz matricial algebra and let (A, tp) be a 
NCPSpace in the sense of Section 1.3. Let (T,E) be a Teoplitz matricial probability 
space over B, induced by (A,tp) and let A = (ai,...,ajv) € (T,E) be a B-valued 
random variable, with ai,...,ajv E (Ay) are random variables. If {ai}, {ajv} 
are /ree m (A, <p) (i.e {ai, ajv} *s a /ree family in (A, tp) ), then 



Ra{z) = (^(ai), <^(ajv)) 2! + fe 2 z 2 + £^° =3 ( fcn( ai, ai 

n— times 



in 0^, uj/iere b 2 ^ B such that 



b 2 = < 
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^2(011, ai), 0, k 2 (a 2 , 0,1), 0, ...,0,k 2 (aN_, a|),oJ TV is even 

^fc?(ai , aj ), 0, fc?(a?, a?,), 0, 0, fc?(a w-i , a«^i)^ TV is odd. 



Proof. By the previous proposition, we have n-th coefficient of 



K n i^^A = (k n (Q^),....,k n (Q^)) . 

\ n — times / 



We need to consider Q y - , for j = l,...,iV. Since ' is gotten from P- 
j = 1,...,N, we will observe P^ ; 



^ - 2^=1 ^ a o+i)-fc 

and 

p(n) _ p(" _1 )„ 
for all j = 1 , . . . , ./V. Hence 

Q^=P^=a 



'3 ' 



and 



for all j = l,...,iV. Thus 

K^(A) = (fci(ai), fci(ajv)) = (<^(ai), ^K)) , 

^(A, A) = (fc 2 (ai,ai), fc 2 (ai,a 2 ) + k 2 {a 2 ,a 1 ), 

k 2 (ai,a N ) + k 2 (a 2 ,a N ^i) + ... + k 2 (a N ,ai)) 
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and 

K n (A,...,A) 

= (k„(ai, ...,ai),ELi fc 2(Qi" _1) ,a 3 _ fc ), ...,EfcLi MQ*™ - ^, «(iv+i)-fe)) 
(i) If n = 1, then we have that 

Ki(A) = (ki(ai),ki(a 2 ), —,ki(a N )) = (v?(ai), ...,(p(a N )) . 



(ii) If n > 3, then, since \ 1 \ is a mixed tuple over {ai, ...,Ojv}, 

for all j = 1, N and fc G {H, A 7 "}, we have that 



^« A, ,A \ = \k n \ oi, ,oi ,0,....,0 



/ fc n (oi,...,ai) 



fci(ai, ...,ai) 



G -B. 



\ O fci(oi,...,ai) / 

(iii) If n = 2, then we have following two cases ; 

<Casc 1> Suppose that N = 2k, for k G N. Then 

if 2 (A, ,4) = (fc 2 (oi,oi), fc 2 (ai,a 2 ) + fc 2 (a 2 ,ai), 

...,fc 2 (ai,OAr) + fc 2 (a 2 ,aAr_i) + ... + fc 2 (ajv,ai)) 

= ^fc 2 (ai,ai),0, fc 2 (a 2 ,a 2 ),0, fc 2 (a 3 ,a 3 ),0, ...,0, fc 2 (a«, aw),o) 



/ fc 2 (ai,ai) 

fc 2 (ai,ai) 



fc 2 (ajv-i, q jy-i ) 

* fc 2 (q jv-i , a w- 



\ O fc 2 (ai,ai) 
<Casc 2> Suppose that AT = 2k - 1, for fc G N. Then 

K 2 {A,A) = ^fc 2 (ai,ai),0, fc 2 (a 2 ,a 2 ),0, 0, fc 2 (aw-i , a»-i)j 
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/ fc 2 (ai,ai) 

fc 2 (oi,ai) 



koia N-i , a, N-i ) \ 
* 





V O k 2 {a 1 ,a 1 ) J 

By (i), (ii) and (iii), we have that 

Ra{z) = (tp(ai), ip(a N )) z 

+ (k2(ai,ai), 0, k 2 (a 2 , a 2 ), 0, ...,0, k 2 (aq_, a»),oj z 2 
+ (fc 3 (ai,ai,ai),0,...,0)z 3 + ... 

= (ip(a 1 ),...,tp(a N ))z+ (fc 2 (ai,oi),0, fc 2 (a 2 , a 2 ), 0, 0, fc 2 (a«, a« ),0) z 2 
+ E"=3 fai. .oil .0,....,0^ z n , 

if AT is even, and 



NxN 



n— times 



Ra{z) = (v(ai), y{a N )) z 

+ ^fc 2 (ai,fli), 0, fc 2 (a 2 ,a 2 ),0, ...,0, , a»-i)j z 2 

+ (fc 3 (ai,oi,oi),0, ...,0)z 3 + ... 

= (if(ai),...,ip(a N ))z+ (k 2 (ai,ai),0, fc 2 (a 2 , a 2 ), 0, 0, fc 2 (a«_ L i, ajv^)) 
+ £n=3 I fc ™ I ai. .oi I ,0, I z n , 



if AT is odd. 



.2. C^-Evenness. 
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First, we will consider the -B-valued evenness, where B is an arbitrary unital 
algebra. Let B be a unital algebra and let (A, E) be a NCPSpace over B. In [12], we 
defined -B-valued evenness and we observed some properties of it. In this section, we 
want to characterize the C^-evenness, where B — C N , a Toeplitz matricial algebra, 
for JVeN. Throughout this section, fix N G N. 

Definition 3.1. Let B be a unital algebra and let (A, E) be a NCPSpace over B. 
We say a B-valued random variable, x G (A, E), is an (B-valued) even element if 
x satisfies the following cumulant relation ; 



is a n-th cumulant induced by a B -functional, E : A — > B, for bi 2 , ...,bi n G B, 
arbitrary. 

In [12], we used the alternating definition for evenness as follows ; 

x G (A, E) is even moments E (xb 2 x...b n x) = B , whenever n is odd. 
Also, in [12], we observed that our definition with respect to cumulnats and the 
above definition with respect to moments are equivalent. 

Theorem 3.3. (Also see [12]) Let B be a unital algebra and let (A, E) be a NCPSpace 
over B. If a B-valued random variable, x G (A,E), is even, then 



n 




, x J = Ob, whenever n G N is odd, 



where 



K n (x, ...,x) = c^") (x <g) b i2 x ® ... (8) bi n x) , 




with 



K 2n x 




7rGiVC( c «=")(2n) 



E 



E(n) (x ® b 2 x <8> ... <g> b 2n x) n{n, l 2n ), 



where 



NC( even \2n) = {9 G NC(2n) : V e <^ |V| is even}. 
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Proof. Remark that x is even if and only if that all odd moments vanish. Suppose 
that 7r e NC(2n) and assume that there exists at least one V € n satisfies that 
\V\ e N is an odd number (i.e a block, V E n, is an odd block). 

(i) Suppose that such odd block V is contained in n(o). Then 

E(tt) (x (g b 2 x ® ... <g b n x) 

= II E ( n \w)(x <g b 2 x (g ... ® b n x) 

= (e(tt \v)(x ® b 2 x ® ... ® 6 n x)) 

II £(tt | w )(:z!®6 2 x® ...®6„x) 

= B . 

(ii) Suppose that such odd block V is contained in 7r(i). Then 

E(tt) (x ® 6 2 x (8 ... ® &„x) 

= J] E{tt \ w ){x ®b 2 x ® ...®b n x). 

Assume that the odd block V = (vi, Vk) € ir(i) is an inner block with its outer 
block Wq = (wi, ...,w p ) e 7r(o) and assume that there exists j e {1, ■ ■■,p} such that 
Wj < v q < Wj+i, for all q = 1, k. Then the right hand side of the above equation 
is 



= (^E(tt \w )i x ® foz ® ... ® 6„x)^ 



11 E(ir \ w )(x ®b 2 x ...®b n x)\ 

\W^W eir(o) J 

(E^\b Wl x ® ... ® 6j-x ® E^(b Vl x <g ... (g &„ fc x)&j + ix <g ... (g 6 p x)) 



H £(7r |vy)(x (g 6 2 x ® ... (g 6„x) 
,w^w e7r(o) . 



= B . 



So, by (i) and (ii), if n e NC(2n) contains an odd block, then E(ir)(x (g 6 2 x 
... <g 6 2 „x) vanishs. So, i-T 2 „(x, ...,x) is dctcrmind by 

K 2n {x, ...,x) = J2 E{ir)(x®b 2 x® ... <g> b n x) /j,(tt, l 2n ) 

n£NC(2n) 



E(n) (x (g b 2 x (g ... (g b n x) fj,(iT, l 2n ) 

^eNC("" n H2n) 
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+ S E ( n ) ( x ® b 2 x <S> ... ® 6„x) /X(7T, l 2 n) 

7reATC(2n) \ JVCC""") (2n) 



= I] £;(7r) (x (gi & 2 x (gi ... ® 6„x) /z(7r, 1 2 „) + B . | 

7reAfC< et " ! ")(2n) 

From now, let B = be a Toeplitz matricial algebra. We will characterize the 
Tocplitz matricial evenness. Recall that, since Ct{B) = B, we just defined Toeplitz 
matricial moments and Toeplitz matricial cumulants as trivial moments and trivial 
cumulants. 

Theorem 3.4. Let B = C N be a Toeplitz matricial algebra and let (A, ip) be a 
N CP Space in the sense of Section 1.3. Let (T,E) be a Toeplitz matricial probability 
space over B, induced by (A,ip). A B-valued random variable X = (x\,...,Xn) S 

(T,E) is (B-valued) even if and only if E I X, ,X = Ob, whenever n is odd. 

V 7 

\ n — times / 

Equivalently, X = (x\, ...,Xn) E (T,E) is even if and only if 

tp(xi) = ... = ip(xn) = 0, in C 

and 

Ei=iv(^ 2I) *w+i)-fc) =0 ' m c ' 

for all j = 1, ...,N, where 

X^ = (x u ...,x N )^ = (pf +1) ,...,pf , V ( e N. 

Proof. By an alternating definition of amalgamated evenness, we have that X = 
(xi, ...,Xn) £ (T,E) is even if and only if all odd moments vanishs. So, E (X n ) = 
Ob, whenever n e N is odd. Suppose that n is odd. Then 

E(X») = E((P^,....,P { N n) )) 

= (^W),.-,^)) 
= B = (0,...,0), 

with 

p(n) _ v-^j p(n-l) 

where 

p , 1] = Xj and Pj 2) = ]T J fe=1 SfcSy+i).*, 
in (A, ip), for all j = 1,...,N. Hence we have that 
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v (Pf } ) = V (ELi Pt X) H^)-k) = e C, 

for all j = l,...,iV. 

(i) Let n = 1. Then 

^(pW) = 0eC, forj = 1,.. .,7V, 

equivalently, 

pfo) = e C, for all j = 1, AT. 

(ii) Suppose that n = 21 + 1, for I e N. Then 

K^ (2i+1) ) = *(^iifW0 

= ELi V (if ''sy+i)-*) = e C, 

for all j = 1,...,N. | 



Example 3.1. Let N = 2. Suppose that a B = C 2 -valued random variable, X = 
(xi,X2) S (T,E), is even, where (T,E) is a Toeplitz matricial probability space over 
B, induced by a NCPSpace (A, ip). Then we have the following relation ; 

ip{x{) = = ip(x 2 ) 

and 

<p (pf +1) ) = V (xf +1 ) = and YLi * (if = 0' 

in C, for all I G N. Note that 

ELiv(^f ) «(2 + i)-*)=° 

^ (pf V) + ^ (pf V) = o 

<^> p (af • a*) + y (p 2 (20 £i) = 
p (P 2 (2i) a:i) = -<P (^f ' ^2) • 

Observe that 
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and 

X*+i = (x 1 ,x 2 f l + 1 = (pf pf 

/ p (2 I+ l) p (2 i+ l) \ _ / ^ p ( 2;+ l) \ _ / ^ + 1 p ( 2;+ l) \ 

= ^ Pf +1) )~ \ J - ^ xf +1 ) 

Therefore, we can get that ; 

(i) if a € (-4,^) is aw (scalar-valued) even random variable (in the sense 
that a G (A, </?) is eijen i/ and onfa/ z/ aZZ odd scalar-valued moments vanish), then 

(a, 0) = ^ q a ) ^ C^ 1 '-^) * s again an even P = C 2 -valued random variable. 

(ii) if a £ {A, if) is an (scalar-valued) even random variable, then (a, a) = 



a a 
a 



G (T,E) is again an even B = C 2 -valued random variable. 



(Hi) if a\,a2 G {A,(p) are free (scalar-valued) even random variables and if they 
are identically distributed, then (01,02) = ^ q 1 ^ 2 ^ G {T,E) is again an even 
B = C 2 -valued random variable, by (ii). 



Corollary 3.5. Let B = C N be a Toeplitz matricial algebra and let (A, tp) be a 
NCPSpace in the sense of Section 1.3. Let (T,E) be a Toeplitz matricial probability 
space over B. 

(i) If x £ (A, ip) is an even (scalar-valued) random variable (in the sense of 
Nica, See [2]), then X = (x,0, ...,0) G (T,E) is an even B-valued random variable. 

(ii) Ifx G (A, ip) is an even (scalar-valued) random variable, then X = I x, , x I G 

\ N — times / 

(T, E) is an even B-valued random variable. 

(Hi) If X\, ...,Xn G (A, ip) are free even (scalar-valued) random variables and if 
they are identically distributed, then X = (x\, ...,Xn) G (T,E) is an even B-valued 
random variable. 



Proof, (i) We have that 
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p[ n) = x n and P^ n) = B G (A, <p), for all j = 2, N. 



Since x G (A, ip) is even, all odd scalar-valued moments vanish. So, 

E(X n ) = E(x n ,0 B ,...,0 B ) 

(ip(x n ),0, ...,0) G B if n is even 
(0,...,0) = 0u if n is odd 

E(X n ) if n is even 
Ob if n is odd. 

Thus X is even, in (T,E). 
(ii) It is easy to see that 
= ...,*)" 

/a; a; ••• £ \ ™ /a;" 022;" ••• aN x n \ 



V 



a; 
a; / 



a 2 a;" 
a;" / 



= (x n , a 2 x n , a 3 x n , a N x n ) G (T, £), 
where Q2,...,ajv € C are arbitrary for each n G N. So, if n is odd, then 
£ (X™) = £ (a;", a 2 i", a 3 x n , ...,a N x n ) 

= iv{x n ), a 2 ■ y{x n ), ...,a N ■ ip{x n )) 

(<p(x n ), a 2 • <p{x n ), a N ■ <p{% n )) if n is even 
(0,...,0) = S if n is odd, 



by the (scalar-valued) evenness of x G (A,tp). Therefore, X = | a;,...., a; ] G 

V./V— times/ 

(T, £) is even. 

(hi) Since xi, ...,xn are free each other, by applying the Mobius inversion, we 
can get the result, similar to (ii). | 
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3.3. Toeplitz Matricial Probability Spaces Induced by A Compressed 
NCPSpace. 



In [3], Speicher considered a (scalar- valued) compressed NCPSpace and com- 
pressed cumulants. And, in [2], Nica observed the compressed (scalar- valued) R- 
transforms. In [32], we observed an opreator- valued version of them. In this section, 
we will consider the relation between Toeplitz matricial probability space (TV, -Ejv), 
induced by a NCPSpace (A, ip) and Toeplitz matricial probability space (Tjy, E^) , 

induced by a compressed NCPSpace (pAp, ■^pjf \pA P ^j of (A,tp), where p G A is 
a projection satisfying ip(p) ^ 0. By Speicher and Nica, a compressed NCPSpace 
(pAp, p p ) , where ip p = -^^f \pAp> is again a NCPSpace, in the sense of Section 1.3. 
From now, we will denote a compressed R-transform of random variable x G (A, ip) 
and compressed cumulants of x, as coefficients of the R-transform by and 
k$ Ap \x, ...yX), respectively. It is known the relation between cumulants and com- 
pressed cumulants, by Speicher and Nica. Also, in [12], if B is a unital algebra and 
(A, E) is a NCPSpace over B, we realized that there is similar relation between com- 
pressed operator-valued cumulants and operator-valued cumulants, when we take 
a projection, p, such that E(p) G Ca(B) fl B inv , compared with the scalar- valued 
case. 

Definition 3.2. Let (A,tp) be a NCPSPace in the sense of Section 1.3 and let 
p E A be a projection (i.e idempotent, p 2 = p, in (A, ip), in short, p G A pro ) such 
that ip(p) 0. Then (pAp,ip p ) , with ip p = -^-^tp \pAp, is called a compressed 
NCPSpace (by p e A pro ). As usual, we will denote a Toeplitz matricial probability 
space, induced by (A, ip), by (Tn,En) = (T,E), for N G N. Denote a Toeplitz 
matricial probability space induced by the compressed NCPSpace, (pAp, tp p ) , by 
(T p N ,E p N ) = (TP,EP). 

The follwong proposition is proved in [2] and [3] ; 

Proposition 3.6. (See [2] and [3]) Let (A,ip) be a NCPSpace and let p G A pro 
satisfy ip(p) ^ 0, in C. Ifx\,...,x s G (A,ip) are (scalar-valued) random variables 
(s G N), then 

Rxi,. P ),x s {Zl, Z 8 ) = X^ri=l X/ ...,»„ z ii ■■■ z i n i 

ii,...,»„€{l, .••>«} 
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in 6f-, with 



a- ■ - k {pAp) (r- r- ) 

= k n (ctoXi!, ...,a x in ) 

— (Xq k n (xi 1 , X{ n ), 



/or aZZ i„) G {1, s}", n G N, where ao = f(p) G C. Here, k n is an n-th 

imulant and k^ Ap ^ is a i 
Mca (See /2/ and □ 



cumulant and k^n Ap ^ is a compressed n-th cumulant in the sense of Speicher and 



Remark 3.1. More generally, in [32], we showed that if B is an arbitrary unital 
algebra and (A,E) is a NCPSpace over B and if p G A pro satisfies that 

E(p) eC A (B)(lB mv , 

then (pAp,E p ) is a NCPSpace over B, again, where E p = (E(p))^ 1 E \ p a p ■ (i-e 
B C pAp C A) Now, let x\, ...,x s G (A,E) be B-valued random variables (s G N) 
and denote trivial cumulant multiplicative bimodule map induced by E and those 
induced by E p by K n and Kn Ap ^ , respectively. Then we have that 

Ki pAp] \px il p, ...,px in p) = c^ {px ll p ® px i2 p ® ... <g> px in p) 

= b o lci E ( b O x ti ® b x t2 ® ■•■ ® b x in ) 

_ K symm(b ) , x 

where b — E(p) G B. Therefore, we can get that 

p (pAp) : t , x _ R symm(E(p)) , n 

r ^pX-Lp,...,pX s p\^l ; ^S) fl Xl ,...,X 3 ■■•) ^S)l 

in Q S B . 

A Tocplitz probability space {T^,E P N ), induced by a compressed NCPSpace 
(pAp, <p ), can be understood as an algebra that 

t n = Alg({(px!p, px 2 p,....,px N p) G {T N ,E N ) : xj G (A,ip), j = 1,...,N}), 



where (Tn,En) is a Tocplitz matricial probability space induced by (A,tp). i.e 
jy, Ejf), then there exists ir^, ...,x$ 



if X = (x[, ...,x' N ) G (T%,E^), then there exists xf 1 , x$ G {A,ip), (i G N) such 



that 

(x[,...,x' N ) = YT=iPi ■ {px^P^-nPX^P), 
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where (3 i G C and, for each i G 
Pi (px^p, ...,px N pW^ 



( Pi 



\ o 



Pi 



O \ 



Pi J 



/ (») (*) 
px\'p "" 



(») \ 



px 2 'p ■■■ pXf/p 

px^p ' • : 

• px\ 'p 

(*) 

PX\'p ) 



= (Pt ■PXI ) P,-,P 1 -PXNP^ . 



So, by the above setting, we have that ; 

Theorem 3.7. Let (T N ,E N ) be a Toeplitz matricial probability space, induced by 
a compressed NCPSpace, (pAp,ip p ) , of a NCPSpace (A, ip), with p G A pro such 

that <p{p) ± 0. Let X x = {x^\ x N } ), X s = {x[ s) , ...,x^) G (T N ,E N ) be 
C N -valued random variables (s G fi) and let X[ — {px^pp, ...,px$p), X' s = 
(px[ s ^p, ...,px$p) G (T N ,E N ) be C N -valued random variables. Then 

^X[....,X' S ( z i ' Zs ) 

= S^Li Yl a o 1 Kn(Xi 1 , ...,X in ) z il ...z in , 

ii,...,i n e{l,...,s} 

where a = tp(p) G C and K n 's are cumulant multiplicative bimodule map in- 
duced by Em : Tn — > C N . 



(rpp \ 

Proof. Consider (ii, i„)-th coefficient of R X , N x , ; 

<•«</. (R { xfl, x ) = (K>-> X L) 

= K™ ((px^p, ...,px N ^p), (px^P, :.,px N n) p)) 



where Q < j 1 !" p ' ln>> G A n is determined inductively as in Section 2.2 (j = 1, ...,N), 



with respect to (T N , E P N ) 



(oi k n {Qi > ot Q k n (Q N ^ 
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where ao = <p(p) E C and k n is a n-th cumulant induced by ip, by the previous 
proposition. Here, Q^ 1 '■■■'*") g A n is determined inductively as in Section 2.2 
(j = 1, ...,N), with respect to (Tjv, £7jv), 

= o n " 1 (A n (Qi <1, - ,i " ) ),...,A n (Q^ 1, - ,< " ) )) 

by the previous paragraph 
= a%- 1 K n (X il ,...,X in ). | 

By using notations in [12] and [32], we can get that ; 
Corollary 3.8. Under the same hypothesis with the previous theorem, 



where 



b Q = {<p(p), 0,....,0) GC 



AT 



□ 



Remark 3.2. Lei's take a projection P = (p, Oa, ■ Oa) £ {Tn, En), where p G 
{A, ip) is a projection (i.e p 2 = p, in A), i.e 



( P 



V o 



P J 



€ (Tjv, E N ), 



such that P 2 = P, in Tn- Suppose that <p{p) ^ 0. Then 



E(P)=E(p,0 a ,...,0a) = ( V (p),0,...,0) eC 



N 



Since <p{p) ^ 0, E(P) G C w is invertible. So, E(P) satisfies the conditions in 
Remark 3.1. i.e 



E(P) g 0^(0 n (c^ 
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And, by the previous corollary, we can see that we have the same result with Re- 
mark 3.1, when we consider the Toeplitz matricial probability space (Tjy, E P N ), in- 
duced by {pAp, ip p ). i.e this Toeplitz matricial probability space (Tjy, E P N ) is nothing 
but a compressed (amalgamated) NCPSpace over C N , (PT N P, En(P)~^En \ PTn p) . 



Corollary 3.9. Let (A,ip) be a NCPSpace, in the sense of Section 1.3 and let 
(pAp,tp } be a compressed NCPSpace, by p G A pro , with (p(p) ^ 0, in C. Let 
(Tjv, En) and {T^, E P N ) be Toeplitz matricial probability spaces induced by (A,ip) 
and (pAp, <p p ) , respectively. Then (T^, E P N ) is an amalgamated compressed NCPSpace 
over C N , byP= (p, 0.4, ...,0a) e (T n , E N ). i.e 

(T p , E P N ) = (PT N P, E^P^En \ PTn p) ■ 

□ 



A Toeplitz matricial probability theory can be a good example of amalgamated 
free probability theory (See [1] and [12]). Futhermore, since Ct n {C n ) = C N , it is 
easy to deal with, i.e we can avoid a difficulty caused by Insertion property in Amal- 
gamated free probability and hence it is enough to consider trivial R-transforms, 
in the sense of Section 1.2, (defined as Toeplitz matricial R-transforms, in this pa- 
per) when we work for R-transform theory and R-transform calculus, on Toeplitz 
matricial probability spaces. 
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